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a b s t r a c t
We introduce a new approach to calculate directly the electric current in Born–Oppenheimer molecular
dynamics. In this approach the electric current is computed from the adiabatic variations of the Kohn–
Sham eigenstates between consecutive time steps. This conceptually straightforward method is fairly
efﬁcient and can be easily implemented into existing electronic structure programs. We test the method
in two representative systems: liquid D2O and crystalline MgO. The polarization change and the electric
current density computed from the present approach are in excellent agreement with those from the
Berry phase method and explicit density functional perturbation theory calculations of Born-effective
charges.
Ó 2012 Elsevier B.V. All rights reserved.

1. Introduction
Electric current is a fundamental quantity in determining electrical transport properties of materials [1,2]. Once the charge distribution of the system is perturbed, either by an external
electric ﬁeld or by thermal excitations, an electric current is induced due to charge conservation [1]. According to linear-response
theory, the electric current–current correlation function of a system is related to its electrical conductivity via the Green–Kubo formula [3]. This current–current correlation method is widely used
in molecular dynamics simulations to calculate the electrical conductivity of materials [4,5]. It is also applied to study the infrared
properties of dielectric systems [6–8]. By matching the infrared
spectral features predicted from theoretical modeling with those
being measured experimentally, one is able to gain considerable
insights on physical properties such as atomic structures, thermal
vibrations, electric polarizations, etc. [6,9–11]. Evaluating the electric current is straightforward in the approximation of classical
force ﬁelds as one does not need to deal with the electronic degrees
of freedom explicitly [4]. This is not the case in Born–Oppenheimer
molecular dynamics (BOMD) [12] based on density functional theory (DFT). In BOMD simulations, ions are treated as classical particles with forces computed quantum mechanically from the
Hellman–Feynmann theorem. Electrons are in the ground state
determined by the instantaneous ionic coordinates. The electric
current in BOMD is not the same as that of a truly quantum
dynamical system [13]. Instead it is an adiabatic current induced
by ionic motions [14]. This adiabatic current can be determined
by two distinct but closely related schemes: the ﬁrst scheme is
based on the modern theory of polarization [15,16] and the fact
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that for dielectric materials the electric current density equals
the time derivative of the macroscopic polarization [14]. The macroscopic polarization is computed via the Berry-phase [17] or the
maximally localized Wannier function method [18]. The electric
current density is then determined by means of ﬁnite difference
[6–8]. In the second scheme, one treats the adiabatic electric current as a special type of polarization derivative and computes it directly using density functional perturbation theory (DFPT) [5].
Knowledge of the absolute value of macroscopic polarization is
not needed. The direct (perturbative) scheme is the focus of this
study.
Historically, DFPT calculations of polarization derivatives precede the modern theory of polarization [19,20]. Resta ﬁrst pointed
out that for periodic crystals, the physically meaningful quantity
measured experimentally is polarization change rather than polarization itself [20]. A perturbative formula for polarization derivatives was derived in terms of the adiabatic variations of electron
eigenstates and the off-diagonal matrix elements of the velocity
operator [20]. Soon after, King-Smith and Vanderbilt proposed an
elegant formula relating polarization with the Berry phase of electron wavefunctions [17]. The Berry phase method, as part of the
modern theory of polarization, has had profound impact in computational materials science, leading to numerous developments such
as maximally localized Wannier functions, calculations of materials in ﬁnite electric ﬁelds, etc. [16]. However, there is an inherent
limitation in applying the modern theory of polarization to calculate
polarization change: polarization is not an intrinsic bulk property
and is indeterminate modulo P0  dea=X, where d is the spindegeneracy, i.e., 2 for nonmagnetic systems, e is the electron
charge, a and X are the lattice vector and the volume of the unit
cell, respectively [16]. This arbitrariness modulo P0 may emerge
as sudden jumps equal to P0 in the computed time evolution
of polarization [6]. By contrast, polarization derivatives are

16

T. Sun, R.M. Wentzcovitch / Chemical Physics Letters 554 (2012) 15–19

well-deﬁned bulk properties and do not suffer from this indeterminacy [15,16]. In practice, computing polarization from the Berry
phase utilizes the valence wavefunctions (occupied orbitals) only
and is quite efﬁcient, while DFPT calculations of polarization derivatives involve self-consistent determinations of adiabatic variations of valence wavefunctions, which are time-consuming.
In the context of BOMD, we note that it is not necessary to carry
out the time-consuming DFPT calculations in order to get the adiabatic variations of electron eigenstates. Consider a BOMD run
where the ions move from fRI ðtÞg to fRI ðt þ DtÞg and the electron
eigenstates get updated from fwn ðtÞg to fwn ðt þ DtÞg. The difference, Dwn  wn ðt þ DtÞ  wn ðtÞ, corresponds to the adiabatic variation of the eigenstate wn caused by the displacements of the ions
from fRI ðtÞg to fRI ðt þ DtÞg. When Dt approaches zero, the ﬁnite
difference Dwn should be identical to the adiabatic variation determined by DFPT.
Here we show that computation of the ﬁnite difference of the
electron eigenstates is an accurate and efﬁcient method to obtain
the corresponding adiabatic variations induced by ionic motions.
As a result, direct determination of the electric current in BOMD
can be accelerated substantially. We have implemented this method for norm-conserving pseudopotentials in the PWscf module of
the Quantum ESPRESSO package [21]. We demonstrate the accuracy of the method in two representative systems: liquid D2O at
400 K and crystalline MgO at 1000 K. The polarization change
and the electric current density computed from the present method are compared with those from the single-point Berry phase
method [22] and explicit DFPT calculations of the Born-effective
charges [19,23].
This Letter is organized as follows: Section 2 contains the general theory of adiabatic electric current and the current–current
correlation method to compute electrical conductivity and infrared
spectrum. Simulation details are reported in Section 3. Results for
liquid D2O and crystalline MgO are presented in Section 4 and
summarized in the concluding Section 5.
2. Theory
2.1. Adiabatic electric current
The adiabatic electric current density, denoted as J, consists of
contributions from electrons and ions as J ¼ Jel þ Jion . The ionic curP
rent density Jion is X1 I Z I VI , where the I summation is over the ions
in one periodic cell. The cell volume is X; Z I and VI are the ionic
charge and velocity, respectively. The electronic part Jel is expressed in terms of the adiabatic variations of the electron eigenstates jw_ n i and the off-diagonal matrix elements of the velocity
operator hwm j½H; rjwn i as

Jel ¼ 

Nv
1
X
2e X

X

n¼1 m¼N v þ1

!
hw_ n jwm ihwm j½H; rjwn i
þ c:c: ;
m  n

ð1Þ

where the n-summation is over all the valence bands and the msummation is over all the conduction bands (See Appendix for a
derivation). For nonmagnetic systems the number of valence bands
N v equals to one half of the total number of electrons in the cell and
the factor of 2 accounts for spin degeneracy. Because the summation over conduction bands is slow to converge, it is a common
practice [19,23] to rewrite Eq. (1) as

J ael ¼ 

Nv 

2e X
 a i þ c:c: ;
hw_ n jw
n

X

ð2Þ

n¼1

ai ¼
where jw
n
band.

P

c jwc ihwc jr a jwn i

and jwc i denotes the conduction

Eq. (2) is the basis for computing the adiabatic electric current
in the direct (perturbative) scheme [16]. It relates Jel to two key
 a i. The auxiliary wavefunction jw
 a i is deterquantities: jw_ n i and jw
n
n
mined by solving the Sternheimer equation [19,23]

 a i ¼ Pc ½H; r a jw i;
ðH  n Þjw
n
n

ð3Þ
P

where projection operator Pc ¼ 1  v jwv ihwv j and jwv i denotes the
valence band. Since the right hand side of Eq. (3) does not depend
 a i, its evaluation does not require self-consistent iterations
on jw
n
and is relatively fast.
Now we turn to the adiabatic variation of the electronic eigenstate jw_ n i. In principle it can be determined by solving the Sternheimer equation

ðH  n Þjw_ n i ¼ Pc V_ SCF jwn i;

ð4Þ

where V_ SCF is the rate at which V SCF varies [23,24]. Because V_ SCF
implicitly depends on jw_ n i, Eq. (4) needs to be solved self-consistently.
This makes its evaluation an order of magnitude more expensive
than solving Eq. (3). The key point of the present method is to avoid
this time-consuming step by taking the ﬁnite difference of the
electron eigenstates that are routinely evaluated at every BOMD
step. Assume fwn ðt  2DtÞg are the electron eigenstates at
t  2Dt; fwn ðtÞg are the eigenstate at t, we evaluate w_ n ðt  DtÞ as

1
w_ n ðt  DtÞ ¼
½w ðtÞ  wn ðt  2DtÞ:
2 Dt n

ð5Þ

In actual BOMD simulations, fwn ðtÞg may have different phases
and orderings with respect to fwn ðt  2DtÞg [25]. Thus before taking the ﬁnite difference, we ﬁrst conduct unitary transformations
(subspace alignments) on fwn ðtÞg and fwn ðt  2DtÞg so that the difP
ferences between the wave functions, n kwn ðtÞ  wn ðt  DtÞk2 and
P
2
n kwn ðt  2DtÞ  wn ðt  DtÞk are minimized [25]. These subspace
alignments require the same amount of ﬂoating point operations
as subspace diagonalizations [25] and their computational over a i from Eq. (3). We
head is minor compared to that of solving jw
n
emphasize Eq. (5) is meaningful only if fwn ðtÞg and fwn ðt  2DtÞg
are aligned to fwn ðt  DtÞg properly. A few misaligned eigenstates,
such as in the case of level crossings, may cause considerable error.
This is because wavefunctions of the same electronic state at adjacent time steps vary relatively little, while wavefunctions belonging
to different states differ substantially. The electronic current density
 a ðt  DtÞ using
Jel ðt  DtÞ is then determined from w_ n ðt  DtÞ and w
n
Eq. (2). In principle, the accuracy of such a ﬁnite difference scheme
depends on the size of the time step. As shown below, step sizes
typical for BOMD are sufﬁcient to get quite accurate currents.
Another way to understand the adiabatic electric current is to
decompose the adiabatic variation jw_ n i into contributions from
each individual ion as

jw_ n i ¼

X@w 
 n  VI :
 @R
I

ð6Þ

I

From the deﬁnition of the Born effective charge Z I;ab [19]

Z I;ab 


Nv 
X
@M a
@w  a
¼ Z I  2e
h n jw
n i þ c:c: ;
@RI;b
@RI;b
n¼1

ð7Þ

where M a is the dipole moment of a unit cell, we have

Ja ¼

1X 
Z I;ab V I;b :

X

ð8Þ

I

Determining Born effective charges using DFPT requires selfconsistent evaluations of Sternheimer equations similar to Eq. (4)
and is computationally expensive [5]. We compute the Born effective charges for selected conﬁgurations as a reference to check the
accuracy of the present method.
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2.2. Current–current correlation function
The electrical conductivity is related to the current–current
correlation function as [2]

r 1 ð xÞ ¼

X
3kB T

Z

1

hJð0Þ  JðtÞieixt dt;

ð9Þ

0

where kB is Boltzmann constant, T is temperature. From classical
electrodynamics we know the absorption coefﬁcient aðxÞ is proportional to the real part of the electrical conductivity r1 ðxÞ as
1 ðxÞ
aðxÞ ¼ 4pr
, thus
nðxÞc

aðxÞ ¼

4pX
3cnðxÞkB T

Z

1

hJð0Þ  JðtÞieixt dt;

4px2 X
3cnðxÞkB T

and get converged infrared spectrum, we carried out relatively
long simulations (>10 ps) and applied the maximum entropy
method [32] when computing the power spectrum of current–
current correlation function.
For crystalline MgO we used a 3  3  3 cubic supercell containing 216 atoms. The local density approximation (LDA) was used for
the exchange–correlation functional [33] as previous studies suggest LDA works best for describing its structural properties [34].
The static LDA equilibrium lattice parameter (7.9193 Bohr) was
used to set the dimensions of the supercell. The time step was
set to 0.97 fs, about 1=50 of the period of the highest frequency
phonon in the system.

ð10Þ

0

where nðxÞ is refraction index, c is the speed of light. Eq. (10) is formally exact for systems following classical dynamics. It corresponds
to the ‘harmonic approximation’ for quantum systems [8,26]. Since
JðtÞ equals the time derivative of the macroscopic polarization PðtÞ,
Eq. (10) can be rewritten [6,8] as

aðxÞ ¼

17

Z

1

hPð0Þ  PðtÞieixt dt:

ð11Þ

0

The total polarization PðtÞ contains both electronic and ionic
contributions. The electronic polarization Pel ðtÞ is expressed in
terms of the single-point Berry phase [22] of the Kohn–Sham orbitals as

^ i  Pel ¼  2e u ;
G
jGi jX i

ð12Þ

where Gi ði ¼ 1; 2; 3Þ are the reciprocal lattice vectors of the super^ i ¼ Gi =jGi j, and the factor of 2 accounts for spin degeneracy.
cell, G
The Berry phase ui is obtained from the overlap matrix S as

ui ¼ Im ln det S:

ð13Þ

The matrix S has a dimension that equals the total number of the
valence bands, and its matrix element Smn ¼ hwm jeiGi r jwn i, with
jwn i being the valence wavefunctions.
3. Simulation details
We used the NVE ensemble to carry out our BOMD simulations.
The electron–ion interactions were described by norm-conserving
pseudopotentials. The plane wave cutoff was set to 70 Ry. The kmesh sampling was limited to Gamma point only. To get accurate
electron eigenstates and to minimize the total energy drift in the
MD evolution, we adopted a tight energy convergence threshold
(1010 Ry) for self-consistent determination of the electron eigenstates. We computed the adiabatic variation of the valence wave ai
function jw_ n i by using Eq. (5). The auxiliary wavefunction jw
n
was determined by solving Eq. (3) iteratively with a conjugategradient algorithm. The total electric current density was evaluated
by combining the ionic contribution Jion with the electronic contribution Jel deﬁned in Eq. (2).
We conducted D2O simulations in a cubic cell containing 32 D2O
molecules. The density of the system was set to the experimental
density at ambient condition, i.e. 1:104 g=cm3 [27]. We used the
Perdew–Burke–Ernzerhof (PBE) exchange–correlation functional
[28] because it was shown that PBE was a reasonable compromise
between accuracy and computational efﬁciency [29,30]. Previous
simulations using PBE indicated that at 300 K D2O was an amorphous solid instead of a liquid [31]. Therefore we set the temperature of our system to 400 K and veriﬁed the system was in liquid
state from the mean-square displacements and radial distribution
functions. The time step was set to 0.24 femto-second (fs) due to
the light mass of the D atom. In order to suppress numerical noise

4. Results and discussion
4.1. D2O
Heavy water, D2 O, is widely used as a model system for ab initio
simulations of liquids [7–9,31,35–39]. It is ideal for testing new
implementations and new methods as there are extensive experimental and theoretical studies to compare with. Besides, being the
simplest system where hydrogen bonds play a prominent role, it is
frequently employed to check the accuracy of new exchange–correlation functionals [30].
We ﬁrst consider the electronic polarization change DPel determined by the present method (labeled as ‘Perturb. (Dw=Dt)’ in the
ﬁgures) and that of the single-point Berry phase method (labeled
as ‘Berry phase’). With the single-point Berry phase method, the
instantaneous polarization Pel ðtÞ is evaluated at every time step
by using Eq. (12). The polarization change is then calculated with
respect to a reference Pel ð0Þ chosen randomly from the evolution,
DPel ðtÞ  Pel ðtÞ  Pel ð0Þ. This polarization change can also be obtained by integrating the electronic current density Jel ðtÞ as
Rt
DPel ðtÞ ¼ 0 Jel ðtÞdt, where Jel ðtÞ is determined from Eq. (2). Figure 1a shows DPel ðtÞ computed by both methods. The agreement
is excellent.
We then compare the total electric current density determined
by the present method with the one obtained by explicitly computing the Born effective charges from Eq. (8) (labeled as ‘Perturb.
(Born)’). Since DFPT calculations of the Born effective charges are
time-consuming, they are conducted at every 10 time steps. As
shown in Figure 1b, the two perturbative methods yield nearly
identical results. The difference is in general within 0:05%.
Figure 2 shows the absorption spectrum of D2 O at 400 K computed by using Eq. (10) and the experimental data measured at
room temperature [40]. There are four absorption bands at 175
(186), 560 (486), 1190 (1209), 2315 (2498) cm1 , which correspond to hydrogen-bond stretching, libration, intramolecular
bending, and intramolecular stretching modes [9,39]. The experimental values measured at 300 K are shown in parentheses [40].
The spectrum we get is similar to previous ab initio simulations
using the PBE functional [29,30,39].

4.2. MgO
Our second example is the ionic crystal MgO. Ferropericlase
(Mg1x Fex O, with x ¼ 0:1–0:15) is one of the main components of
the Earth’s lower mantle. Infrared properties of ferropericlase have
therefore attracted considerable interest because of their implications for the radiative thermal conductivity of this mineral
[41,42]. Here we consider iron-free MgO. Our purpose is twofold:
(i) to check the accuracy of the present method, (ii) to estimate
the thermal ﬂuctuations of Born effective charges in MgO at high
temperatures.
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Figure 1. (a) Instantaneous electronic polarization change DPel ðtÞ  Pel ðtÞ  Pel ð0Þ along the z direction, starting from a random moment after thermalization. For the
supercell containing 32 D2O molecules, the polarization ‘quantum’ jP0 j ¼ 2ejaj=X ¼ 0:329 C=m2 . (b) Total electric current JðtÞ along the z direction, starting from a random
moment after thermalization. The dashed line labeled as ‘Fixed charge’ corresponds to the electric current computed with the mean effective charges, hZ H i ¼ 0:51 and
hZ O i ¼ 1:02.
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Figure 2. Infrared absorption spectrum of D2O at 400 K. The solid line labeled as
‘Perturb. (Dw=Dt)’ corresponds the simulation results obtained from the present
method. The dashed line corresponds to the infrared spectrum computed with the
mean effective charges, hZ H i ¼ 0:51 and hZ O i ¼ 1:02.

Figure 3a shows the polarization change DPel calculated by
using the single-point Berry phase and the present method. Similar
to Figure 1a, the overall agreement is very good. However, here
DPel from the Berry phase method exhibit sudden jumps equal to
P0  2ea=X, which is 0:203 C=m2 for the 216 atom simulation cell.
This reﬂects the indeterminate nature of polarization and the limitation of using the Berry phase method to compute polarization
difference [16]. Such discontinuities do not appear in the direct
(perturbative) approach, as electric current is insensitive to surface
charges and its time integration is well-deﬁned.
Figure 3b shows the electric current density computed from the
present method (labeled as ‘Perturb. (Dw=Dt)’) and from the Born
effective charges (labeled as ‘Perturb. (Born)’). Again we see very
good agreement between the two approaches. The difference is
in general within 0:1%. This further validates the present method.
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In this Letter we show that the adiabatic variations of valence
wavefunctions in BOMD can be determined accurately and efﬁciently from the ﬁnite difference of wavefunctions between consecutive MD steps. This leads to substantial speed-up in the
direct determination of the adiabatic electric current. We also ﬁnd
that for liquids with partially covalent bonding, the Born effective
charges of the atoms are sensitive to their surroundings and may
vary considerably in the simulation. By contrast, thermal ﬂuctuations of the Born effective charges are negligible for strongly ionic
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Finally we consider the thermal ﬂuctuations of Born effective
charges. Instead of computing the Born effective charges at every
time step, we ﬁx their values at those of the unperturbed structure
(1:93 for Mg and O ions) [43] and recalculate J. As shown in Figure 3b, the electric current density computed by assuming ﬁxed
Born effective charges (labeled as ‘Fixed charge’) is almost identical
to the exact result (labeled as ‘Perturb. (Born)’). The same phenomenon is observed when the temperature is raised to 2000 K, indicating that thermal ﬂuctuations of Born effective charges affect
very little the total electric current for MgO, even at high temperatures. This is in contrast with liquid D2O, where assuming ﬁxed
Born effective charges causes large errors in the computed electric
current density (Figure 1b).Accordingly, we see substantial differences between the infrared spectrum calculated with ﬁxed effective charges (dashed line in Figure 2) and the exact result (solid
line labeled as ‘Perturb. (Dw=Dt)’ in Figure 2). Therefore in order
to describe correctly the infrared properties of partially covalent
systems such as D2O, it is necessary to take into account thermal
ﬂuctuations of Born effective charges [5]. While for strongly ionic
systems such as MgO, these ﬂuctuations can be ignored.
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Figure 3. (a) Instantaneous electronic polarization change DPel ðtÞ  Pel ðtÞ  Pel ð0Þ along the z direction, starting from a random moment after thermalization. For the
supercell containing 216 Mg and O atoms, the polarization ‘quantum’ jP0 j ¼ 2ejaj=X ¼ 0:203 C=m2 . (b) Total electric current JðtÞ along the z direction, starting from a random
moment after thermalization.
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systems such as MgO. Ab initio calculations of the infrared spectra
of such materials can therefore be simpliﬁed by assuming these
charges are constant.
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(A.5) is good for a ﬁnite sample, however the matrix element
hwm jrjwn i is ill-deﬁned in periodic boundary conditions. The standard technique [23,46] to overcome this difﬁculty is to replace
the position operator r with the boundary insensitive velocity operator v  i½H; r by using

hwm jrjwn i ¼

hwm j½H; rjwn i
:
m  n

ðA:6Þ

Eq. (A.5) becomes
Nv
1
X
2e X
hw_ n jwm ihwm j½H; rjwn i
Jel ¼ 
þ c:c:
V n¼1 m¼N þ1
m  n

!
ðA:7Þ

v

Appendix A. Derivation of adiabatic current

Eq. (A.7) is well-deﬁned both for ﬁnite and periodic systems [20].

The formula for the adiabatic current density Jel has been
obtained from ﬁrst-order perturbation theory [44,20]. Here we rederive it starting from the charge continuity equation. This places
Jel directly in the context of charge transport. We ﬁrst consider a
large but ﬁnite sample, then take the thermodynamic limit to get
the formula for periodic systems [20].
The local current density jel ðrÞ is related to the rate of electron
density ﬂuctuation q_ el ðrÞ via the charge continuity equation

References

q_ el ðrÞ ¼ r  jel ðrÞ:

ðA:1Þ

For a ﬁnite sample with volume V, we have

Z
Z
Z
1
1
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^  jel ðrÞÞds
jel ðrÞdr ¼
q_ el ðrÞrdr þ
rðn
V
V
V S
Z
1
q_ el ðrÞrdr;
¼
V

Jel ¼

ðA:2Þ

^ is an outward unit vector normal to the surface S. The surwhere n
face integral term comes from integration by parts [45]. It is
dropped under the assumption that the sample is isolated and no
electric currents ﬂow across the sample boundaries.
In BOMD, at each time step one solves the Kohn–Sham equation



1
Hwn ¼  r2 þ V SCF wn ¼ n wn
2

ðA:3Þ

to determine the electron eigenstates fwn g and eigenvalues fn g.
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coordinates and the electron charge density qel ðrÞ. In terms of the
P
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the occupancy of the state n. Its time derivative is
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n

ðA:4Þ

n

Assuming the sample is a nonmagnetic insulator, the occupancyfn
equals 2 for valence bands and 0 for conduction bands. The total
number of valence bands Nv equals to one half of the total number
of electrons. The time derivative f_ n is zero for all bands. Substituting
Eq. (A.4) into Eq. (A.2) we have
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where the completeness of the eigenstates,
m jwm ihwm j ¼ 1, is
used. The n-summation contains valence bands only. The msummation can be trimmed to include solely conduction bands
because contributions from valence bands get cancelled [23]. Eq.
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